We consider the rational Heun operator defined as the most general second-order q-difference operator which sends any rational function of type [(n − 1) n] to a rational function of type [n (n + 1)]. We shall take the poles to be located on the Askey-Wilson grid. It is shown that this operator is related to the one-dimensional degeneration of the Ruijsenaars-van Diejen Hamiltonians. The Wilson biorthogonal functions of type 10 Φ 9 are found to be solutions of a generalized eigenvalue problem involving rational Heun operators of the special "classical" kind.
Introduction
The standard Heun operator and its generalizations bear significant interest and have various connections to Painlevé equations and integrable models in particular [18, 13] . These operators have also arisen in the transfer matrix associated to the reflection algebra and lend themselves to diagonalization via the algebraic Bethe ansatz [2, 11] . We here identify and discuss what we shall call the rational Heun operator since it is defined through properties with respect to rational functions. We shall observe that it is related to the one-particle degeneration of the Ruijsenaarsvan Diejen Hamiltonians [6, 15] studied by Takemura [18] . The Wilson biorthogonal functions of type 10 Φ 9 will also arise in this framework.
This continues our investigations on discrete and q-difference extensions of the Heun equation. The standard Heun operator defines the second order differential equation with four regular Fuchsian singularities [12, 14] . It can be characterized as the most general operator of second order in the derivative that maps polynomials of degree n into generic polynomials of degree n + 1 [21] . This operator can also be obtained by applying the so-called tridiagonalization procedure to the hypergeometric operator [8] . This relies on the bispectrality of the Jacobi polynomials. It is now appreciated that generalizations of the standard Heun operators can be obtained equivalently, either by implementing the degree raising property or by applying the algebraic Heun operator construct or tridiagonalization to some bispectral families of orthogonal polynomials [9] . Focusing on the uniform lattice and the Hahn polynomials has led to a discrete version of the Heun operator [21] . Looking similarly at the little and big q-Jacobi polynomials and their orthogonality grids gave rise to two q-versions of the Heun operators [3] (one actually introduced by Hahn [10] ). The Heun operator of Askey-Wilson type was analogously determined in [4] and those associated to Lie algebras were found in [5] .
The most general q-Heun operator associated in the fashion described above to polynomials on the linear q-grid was shown [3] to coincide with a degeneration of the Ruijsenaars-van Diejen Hamiltonian called A (3) by Takemura in [18] . The special case connected to the little q-Jacobi polynomials (instead of the big q-Jacobi polynomials) was readily seen to match the degeneration A (4) of Takemura. Two more q-Heun operators A (1) and A (2) were identified by Takemura in [18] . One objective here is to provide for A (1) , the most complicated of these operators, a characterization akin to the one achieved for A (3) and A (4) . (A (2) will be discussed separately.) To that end, we shall move outside the realm of orthogonal polynomials; this will leave us with the raising property as the guide in our search. We shall look for generalized q-Heun operators defined by the feature that they map any rational function of the type [(n − 1) n] (see section 1 for a precise definition) with poles at x 0 , x 1 , ..., x n to one of type [n (n + 1)] with one more pole at x n+1 . The connection with the operator A (1) will be made when the poles are located on Askey-Wilson grid. As a note, we shall also observe that the Heun operator of Askey-Wilson type has a connection with the operator A (1) .
Attention will be given to special functions that are associated to the rational Heun operator. We shall call such an operator "classical" if its action on a rational function of type [(n − 1) n] gives another function of that type, namely if one pole say at x 1 is suppressed while a pole at x n+1 is added. The Wilson biorthogonal rational functions of type 10 Φ 9 [7] will then be shown to solve generalized eigenvalue problems associated to these "classical" Heun operators.
The rest of the paper is structured as follows. In Section 2 we make precise the definition of the rational Heun operator through a raising property on a set of elementary rational functions with poles at x = x n . This definition is implemented in Section 3 when the poles are located at the sites of the Askey-Wilson lattice; this will yield a q-difference operator involving 8 parameters (x 0 is expressed in terms of these parameters) and acting "tridiagonally". This rational operator W is then compared with A (1) ; the two operators are seen to differ by an elementary [0 1] rational function with a pole at a prescribedx 0 . This allows for a complete characterization of A (1) as mapping rational functions of type [(n − 1) n] into ones of type [(n + 1) (n + 2)]. In Section 4, it is briefly shown as an aside how the Heun operator associated to Askey-Wilson polynomials can be connected to the one-partical Hamiltonian of Ruijsenaars and van Diejen through a limit of the operator A (1) discussed in Section 3. Section 5 is concerned with the definition of the rational Heun operators of a special kind that will be called classical and will be central in the two sections that follow. Section 6 explains how generalized eigenvalue problems can be posited in terms of rational Heun operators and it is shown in Section 7 how the Wilson biorthogonal rational functions arise as solutions. The paper ends with concluding remarks in Section 8.
Rational q-Heun operator
Consider the generic second order q-difference operator
is an arbitrary rational function of order [n (n + 1)] in the argument
with prescribed poles at x = x 0 , x 1 , x 2 , . . . :
where Q 1 (x) and Q 2 (x) are polynomials of degrees not exceeding n and n + 1, respectively. This defines what we mean by a rational function R n of order [n (n + 1)]. We formulate the following problem:
Find the most general operator W of the form (2.1) that sends any rational function R n (x(z)) of type [n (n + 1)] with poles prescribed to be at x 0 , x 1 , x 2 , . . . , x n to another rational function of R n+1 (x(z)) type [(n + 1) (n + 2)] with poles at x 0 , x 1 , x 2 , . . . , x n , x n+1 and x(z) given by (2.2) .
In other words the question is to find the most general operator W that acts as follows on the rational function R n (x):
thereby bringing an additional pole at x = x n+1 . We shall refer to such W by the expression rational Heun operator.
In order to find the solution of this problem, we shall proceed in a stepwise fashion. First, the action of the operator W on the elementary rational function (x − x 0 ) −1 should give a rational function of type [1/2] with poles at x = x 0 and x = x 1 :
where
Second, W applied to the next elementary rational function (x − x 1 ) −1 should yield a rational function of order [2 3]:
Finally, at the next step we should have
This determines W . Indeed, from the three equations (2.5), (2.7) and (2.9) we can find the explicit expressions of the functions A i (z) entering in the formula for W :
where x 3 = x 0 and x 4 = x 1 . Note that the functions A 1 (z) and A 2 (z) are related by
Indeed, by definition x(1 z) = x(z), and property (2.13) follows immediately from (2.11)-(2.12). So far the locations x n of the poles were arbitrary. From now on we shall take them to be:
x n = αq n + 1 αq n .
(2.14)
In other words, we shall demand that the poles be at the sites of the Askey-Wilson grid
With this choice for the location of the poles, the definition of W in (2.4) can be considered as a natural generalization of the Heun-Askey-Wilson operator proposed in [4] (see Section 4) where a similar raising property, namely, W P n (x(z)) =P n+1 (x(z)) was applied to polynomials instead of rational functions. In order to recognize the structure of the expressions (2.11) and (2.12), we take note of the following algebraic relations:
where (a; q) n = (1 − a)(1 − aq)⋯(1 − aq n−1 ) and Q 8 (z) is a polynomial of degree 8 given by
whose coefficients η j are linear combinations of the elements in the set Ξ = {ξ 00 , ξ 01 , ξ 10 ,ξ 11 , ξ 12 , ξ 20 , ξ 21 , ξ 22 , ξ 23 },
Combining expressions (2.16) and (2.17), we get
.
(2.21)
We recall that A 0 is given by relation (2.5). We further note that the rational Heun operator can be presented in the form
where we have used relation (2.5). The form (2.22) is convenient in applications to biorthogonal rational functions of classical type (see Section 5).
Proposition 1. The operator W given by (2.1),(2.5),(2.11) and (2.12) sends any rational function R n (x(z)) of type [n (n + 1)] with poles prescribed to be at x 0 , x 1 , x 2 , . . . , x n to another rational functionR n+1 (x(z)) of type [(n + 1) (n + 2)] with poles at x 0 , x 1 , x 2 , . . . , x n , x n+1 if the the pole locations x n are given by (2.14) .
The proof of this proposition is direct. We apply the operator W to the elementary rational function (x(z) − x n ) −1 with its only simple pole at x = x n and then use the relations
It is easily verified that W (x(z) − x n ) −1 is a linear combination of elementary rational functions with poles at x = x k where k = 0, 1, . . . , n + 1. This proves the proposition. Let us denote the elementary rational functions by χ n :
Then any rational function ψ n (x) of order [n (n+1)] with its poles required to be at x 0 , x 1 , x 2 , . . . , x n can be presented as the linear combination
The main property of the rational q-Heun operator can be formulated as follows:
for some coefficients γ nk . In fact, for the operator W of (2.22), given the specific form of the functions A 1 (z), A 2 (z), it can be verified for every n that only the 4 coefficients γ n,0 , γ n,n−1 , γ n,n , γ n,n+1 can possibly be nonzero in the linear combination (2.26).
Correspondence with the Ruijsenaars-van Diejen operators
First we consider how many independent parameters are in the operator W . We have 9 parameters ξ ik in the definition of the rational functions r 1 (x), r 2 (x), r 3 (x) and the parameter α which enters in definition (2.14) of the pole grid. Among these, one parameter in Q 8 (z) is a common factor. Of these 9 independent parameters, note that one -namely ξ 00 -is an additive constant in the operator W . In Takemura's paper [18] the number of parameters is 8 because the additive parameter is not included. Let us examine this situation in more details. The coefficients of the eight degree polynomial Q 8 (z) in A 1 (z) and A 2 (z) give us 8 parameters η 0 , η 1 , . . . , η 7 , which are independent linear combinations of the 9 parameters ξ ik . Similarly we obtain five more parameters η 0 ,η 1 , . . . ,η 4 from the coefficients of A 0 (z):
where each ofη j , j = 0, 1, . . . , 4, is a linear combination of the ξ ik . It is then easy to see that η 1 ,η 2 ,η 3 ,η 4 can be presented as linear combinations of the 8 parameters η j , while this is not so for the constant termη 0 . Hence substracting the constantη 0 , we obtain the operator W 0 = κ −1 (W −η 0 ) which has 9 independent parameters α, η 0 , η 1 , . . . , η 7 including the common factor:
Now we introduce another parameterization ε 1 , ε 2 , . . . , ε 8 through
where q = p 2 and σ k denotes the elementary symmetric polynomials of degree k in the variables
In this parametrization the functions A 1 (z) and A 0 (z) that define W read:
The actions of W = κW 0 +η 0 on the rational function χ n (x) (n = 0, 1, 2, . . .) are explicitly given by
With an eye to the connection with the operator A (1) of Takemura we make here the following observation. Suppose the diagonal term of W 0 is modified as followŝ
by the addition of a diagonal term so has to change the sign of the first term in the parentheses of (3.12) that gives A 0 . The raising properties of this modified operatorŴ can be determined and are found to be:
x − x k+1 , (3.23)
We thus see that this modification of W 0 bring two series of poles in play.
We are now ready to discuss the relationship between the rational Heun operator with the simple raising property involving only one series of poles at the points of the Askey-Wilson grid and the BC 1 Ruijsenaars-van Diejen Hamiltonian. By using the gauge function
, we obtain Takemura's A (1) operator:
We thus observe that the operator A (1) is characterized as per (3.19)-(3.24) with a raising property involving two series of poles. It is however simply obtained from the rational Heun operator W 0 by the addition of a diagonal term.
The Askey-Wilson Heun operator and a new degeneration of the Ruijsenaars-van Diejen operators
The Heun operator associated to the Askey-Wilson polynomials was constructed in [4] where it was obtained in two equivalent ways. On the one hand, it was written down by applying the algebraic Heun operator construct or tri-diagonalization method to the bispectral operators of the Askey-Wilson polynomials. On the other hand, it was arrived at by enforcing a raising property. In the latter approach, one looked at the most general q-difference operator of second order that maps polynomials of degree n on the Askey-Wilson grid to polynomials of the degree n + 1 on that same grid. In both ways one finds the operator
where Q 6 is an arbitrary polynomial of degree 6 and p 1 (x) a polynomial of degree one in x = z +1 z.
We here indicate that W AW can be recovered from the degeneration A (1) of the Ruijsenaarsvan Diejen Hamiltonian through a limiting procedure. Let ε 7 = δ 7 t and ε 8 = δ 8 t −1 . Under the limit t → ∞, the operator −δ −2
One thus recognizes that the resulting operator coincides with W AW .
Classical Heun operators
In the following we wish to discuss certain difference equations involving rational Heun operators. Special operators that will be called classical will play a central role in this respect. This section is dedicated to their definition and characterization.
We shall focus on operators W for which γ n,1 = 0 in the linear combination (2.26), that is operators with actions
such that the pole at x = x 1 is absent from the transformation of the elementary rational functions. This means that rational Heun operators W of this type send any rational function of order [n (n+1)] with poles located at x 0 , x 1 , x 2 , . . . , x n to a rational function of the same order [n (n+1)]
with poles at x 0 , x 2 , x 3 , . . . , x n+1 :
Wψ n (x) =ψ n (x). (5.2) In other words, under the action of W on the function ψ n with poles at x 0 and x n , n = 1, 2, . . . , the pole at x 0 stays there and the others are shifted to x n+1 , n = 1, 2, . . . . In this case the expression for the function A 1 (z) becomes simpler:
with Q 6 (z) a polynomial of degree 6 in z and κ 2 the appropriate constant. The number of independent parameters in classical Heun operators is indeed 6 as we need to set ξ 01 , ξ 11 and ξ 21 equal to zero in the expressions of the rational functions r 1 (x), r 2 (x), r 3 (x).
Next we apply the gauge transformation
This transformation removes the pole at x 0 , but preserves the rest of the poles. Namely the operatorŴ sends any rational function of order [n n] with poles at x 1 , x 2 , . . . , x n to a rational function of the same order [n n] with the poles shifted to x 2 , x 3 , . . . , x n+1 : W{1} =γ 00 ,Ŵ 1 x − x 1 =γ 10 +γ 12
x − x 2 , . . . ,Ŵ 1 x − x n =γ n0 +γ n2
x − x 2 + ⋅ ⋅ ⋅ +γ n,n+1
x − x n+1 .
The upshot is that the pole at x = x 1 is absent in the expansions. Rational q-Heun operators mapping rational functions of degree [n n] onto themselves and with this particular property concerning the pole at x 1 will be called classical.
Consider two different classical Heun operatorsŴ 1 andŴ 2 . They will differ by the choices of the rational functions r 1 (x), r 2 (x), r 3 (x). Consider a third operator
with arbitrary coefficients τ 1 , τ 2 .Ŵ 3 obviously is also classical and this allows for a possible standardization. Since the leading and the constant coefficients in the polynomial Q 6 are proportional (recall that Q 8 from which Q 6 derives has this property -see (2.18)), these two terms can be eliminated inŴ 3 by an appropriate choice of τ 1 and τ 2 . In this case the function B 1 (z) of the operatorŴ 3 will become
with Q 4 (z) a polynomial of degree 4 and κ 3 again a constant. Classical rational Heun operators brought to that form will be said to be minimal. When the parameters ε 1 , ε 2 , . . . , ε 8 are used, the expansion coefficients γ n,j are explicitly given in (3.13)- (3.17) . It follows that the conditions γ n,1 = 0 (n = 0, 1, 2, . . .) hold if we take for instance ε 2 7 = αp, ε 2 8 = α −1 p −3 or p ε 7 ε 8 = p ε 1 ε 2 ε 3 ε 4 ε 5 ε 6 ε −2 7 = 1, and solve (3.16) for n = 1 to determineη 0 . Hereafter for simplicity, we shall write ε jk⋯ℓ = ε j ε k ⋯ε ℓ for products of ε j . Under this particular choice of parameters, one has the following detailed formulas for the corresponding rational Heun operator:
, (5.10)
with ε 123456 = α = pε 12345678 . The classical Heun operatorŴ (5.4) is then explicitly written aŝ
and we observe as should be that the classical Heun operatorŴ contains 6 independent constants ε 1 , ε 2 , ε 3 , ε 4 , ε 5 , ε 6 and p = q 1 2 .
Difference equations with rational Heun operators
We are now equipped to discuss q-difference equations that can be defined using rational Heun operators. The presentation will consist of two parts. In the first we shall indicate how one is led to generalized eigenvalue problems (GEVP) involving classical operators. In the second, much shorter, we shall explain how an eigenvalue problem for rational Heun operator can be posited upon imposing truncation conditions. 6.1. Generalized eigenvalue problems. Consider the difference equation
where W is a rational Heun operator and ψ(x) is a rational function of order [n n] with poles prescribed to be at x 1 , x 2 , . . . , x n .
Using the elementary rational basis χ n (x), we have the expansion (2.26) with the coefficients γ nk . We can also expand the function ψ(x) over the same basis (2.25) with some coefficients β nk . Equation (6.1) is then equivalent to the following set of algebraic equations n i=0 β ni γ ik = 0, k = 0, 1, . . . , n + 1 (6.2) for the unknowns β ni . We thus have the n + 2 equations (6.2) for n + 1 unknowns β ni , i = 0, 1, . . . , n, which means that the system (6.2) is in general incompatible. This problem will be straightened if we can reduce the number of equations to n + 1. From the previous section we already know that such a reduction happens for classical Heun operators because in this case, for every n, we have no more than n + 1 nonzero expansion coefficients: γ n0 , γ n2 , γ n3 , . . . , γ n,n+1 . It then follows in this instance that the eigenvalue equation (6.1) has a unique solution (apart from some singular exceptional cases). Hence to proceed with (6.1), we need to restrict to classical Heun operators.
Classical Heun operator W contains 6 arbitrary parameters including the free additive one. If we take this parameter as the eigenvalue λ, we then arrive at the ordinary eigenvalue problem
However, this problem cannot have solutions. Indeed, the lhs of (6.3) has a pole at x = x n+1 while the rhs of (6.3) does not. We must hence look for more elaborate eigenvalue problems, namely multiparameter problems [1] , [16] . The simplest such problem is the generalized eigenvalue problem (GEVP) of the type
with two classical Heun operators W 1 and W 2 . From the above considerations, it follows that the GEVP (6.4) almost always has a unique solution.
We thus see that starting from a pair of classical Heun operators we can construct a solution to a GEVP for a rational function ψ(x). It is clear that instead of (6.4) we can consider the problem
with the same eigenfunction ψ(x) and the linear combinations
where τ i , ρ i are arbitrary parameters with the obvious restriction τ 1 ρ 2 − τ 2 ρ 1 ≠ 0.
The new eigenvalue isλ
From the previous section we also know that starting with two classical Heun operators W 1 , W 2 we can construct a "minimal" classical Heun operator W min by an appropriate choice of the parameters τ 1 , τ 2 . This means that for the GEVP (6.5) we can always take one of these operators as W min , reducing the GEVP to W 1 ψ = λW min ψ. (6.8)
In the next section we show that the GEVP of the Wilson biorthogonal rational functions is of that type.
6.2.
Finite dimensional reductions. Apart from considering classical Heun operators in GEVP, we can also set up ordinary eigenvalue problems with regular rational Heun operator provided, as we shall explain, restrictions are imposed. Assume that in expansion (2.26) we have the condition γ N,N +1 = 0 for some N = 1, 2, . . . . Then the N + 1-dimensional space of rational functions with poles at x = x 0 , x 1 , x 2 , . . . , x N is invariant under action of the Heun operator W . Hence, by elementary linear algebra, the operator W becomes a matrix of size (N + 1) × (N + 1) acting on this space. This operator has in general N + 1 eigenvalues λ n associated to the eigenfunctions ψ n (x) W ψ n (x) = λ n ψ n (x), n = 0, 1, . . . , N.
(6.9)
We should stress however, that all rational functions in (6.9) have poles at all the sites x = x 0 , x 1 , x 2 , . . . , x N . From (3.17), one can see that ε 2 1 = αp 2N +1 for instance will complete the condition γ N,N +1 = 0; the matrix representation of W with respect to the basis 1 (x−x 0 ), 1 (x−x 1 ), . . . , 1 (x− x N ) is in this case given by M = (δ 0,jγi,1 + δ i,j+1γi,2 + δ i,jγi,3 + δ i+1,jγi,4 ) 0≤i,j≤N . (6.10)
Let v n = t (v n,0 , . . . , v n,N ) for n = 0, 1, . . . , N be the eigenvector of M associated with the eigenvalue λ n . The rational eigenfunctions of (6.9) will then read:
This can be considered as a generalization of the well-known finite-dimensional (polynomial) reduction of the ordinary Heun operator [20] .
Explicit solutions for GEVP
We shall carry in the following the explicit characterization of solutions to GEVPs of the type introduced in the last Section. First, we shall consider a situation where a given classical Heun operator with an additive parameter is split in two parts to yield a GEVP. Second we shall explain the occurrence as solutions of the Wilson biorthogonal functions. Third, we shall discuss how and when can rational solutions to GEVPs defined by two classical Heun operators can be explicitly constructed.
7.1. Splitting situation. Let us return to the classical Heun operatorŴ given in (5.12) - (5.14) . DefineB
The equationŴf (z) = 0 can be rewritten into the generalized eigenvalue problem form
(1 − ε 123456 ε −2 j p)I, (7.3)
(1 − ε 123456 ε −2 j p)I (7.4) and
Both operatorsŴ 1 andŴ 2 do not depend on the parameter ε 5 ε 6 which plays the role of the eigenvalue. It is readily seen thatŴ 1 andŴ 2 belong to the family of classical rational Heun operators that W 2 is "minimal" and thatŴ 1 is a general classical rational q-Heun operator.
Consider at this point the following rational basis of type [n n] ω n (x(z)) =ω n (z; ε 2 1 p, ε 123456 p 2 ) (7.6) whereω n (z; a, b) = (az; p 2 ) n (az −1 ; p 2 ) n (bz; p 2 ) n (bz −1 ; p 2 ) n (7.7)
and (a; q) n = (1 − a)(1 − aq)⋯(1 − aq n−1 ). It is directly verified that both operatorsŴ 1 andŴ 2 are two-diagonal in this basisŴ 1 ω n (x) = µ 1,n ω + n (x) + ν 1,n ω + n−1 (x), (7.8) W 2 ω n (x) = µ 2,n ω + n (x) + ν 2,n ω + n−1 (x) (7.9)
where µ 1,n = ε 1234 p 2n+1 + (ε 1234 ) −1 p −2n−1 µ 2,n , (7.10) ν 1,n = ε 2 1 ε 5 ε 6 p 2n + (ε 2 1 ε 5 ε 6 ) −1 p −2n ν 2,n , (7.11) 13) and with the basis ω + n (x) =ω n (z; ε 2 1 p, ε 123456 p 4 ) (7.14) obtained from the basisω under the substitution (ε 1 , ε 123456 ) → (ε 1 , ε 123456 p 2 ) of the parameters.
Using this basis (7.6), we can explicitly construct the rational eigensolutions of the GEVP (7.2). Let us expand the rational function R n (x) of type [n n] over the ω n (x):
A ns ω s (x). (7.15) From the GEVPŴ 1 R n (x) = λ nŴ2 R n (x), (7.16) we get the recurrence relation for the coefficients A ns : We assume that the hypergeometric function is very-well-poised. This means that bcdef gh = a 6 q 2 . (7.21)
Moreover we suppose also that this function is truncated, i.e. that we have g = q −n , h = µq n , n = 0, 1, 2, . . . (7.22) where the parameter µ should satisfy the condition (7.21): µbcdef = a 6 q 2 . (7.23)
We can obtain a set of biorthogonal rational functions in the argument z if one takes the following dependence of the parameters b = κz, c = κz −1 . (7.24) Indeed, it is easily seen that in this case the function φ n (z) = R n (x) becomes a rational function R n (x) of type [n n] in the argument x = z + z −1 (7.25) with prescribed poles located at the points x s = a 2 q s κ + κ a 2 q s , s = 1, 2, . . . , n (7.26)
More explicitly one has
with some coefficients ξ ns . Substituting (7.10)-(7.13) into (7.19) , the rational function R n (x) turns out to be the very-wellpoised balanced hypergeometric function R n (x(z)) = 10 B 9 ε 1 √ ε 123456 p; (ε 1 ) 2 pz, Hence when ε 5 (ε 6 ) −1 = ε 1234 p 2n+1 or (ε 1234 ) −1 p −2n−1 , the Wilson biorthogonal rational function R n (x) becomes a solution ofŴ R n (x(z)) = 0 (7.31) withŴ the generic rational Heun operator of classical type [17] . It is directly verified that the action of the operatorŴ 1 (as well as the action of the operator W 2 ) on the function R n (z) transforms this function to another Wilson biorthogonal function with shifted parametersŴ
is obtained from R n (x) by shifting ε 123456 → ε 123456 p 2 . Relation (7.32) is in agreement with the main property of the classical rational q-Heun operators: they transform any rational function of order [n n] with poles at given locations x 1 , x 2 , . . . , x n to another rational function of the same order [n n] with poles displaced to x 2 , x 3 , . . . , x n+1 . 7.3. Two classical Heun operators. Finally, let us consider the GEVP corresponding to a pair of generic classical Heun operatorsŴ andŶ:
WR n (x) = λ nŶ R n (x). (7.33)
Remarkably, the rational basis ω n (x) (7.6) happens to be the two-diagonal basis of the generic classical Heun operator W defined in (5.4): Wω n (x) = µ n ω n (x) + ν n ω n−1 (x), (7.34) where µ n = (ε 1234 ε 6 p 2n+1 − ε 5 )(ε 1234 ε 5 p 2n+1 − ε 6 ) ε 123456 p 2n+1 µ 2,n , (7.35) ν n = ((ε 1 ε 5 ) 2 p 2n − 1)((ε 1 ε 6 ) 2 p 2n − 1) (ε 1 ) 2 ε 5 ε 6 p 2n ν 2,n . (7.36)
If we take the operatorŶ as the operator obtained fromŴ given in (5.4) under the replacement of the six parameters ε j by δ j with the conditions ε 1 = δ 1 , ε 23456 = δ 23456 , then it is found thatŶ has the same two-diagonal basis asŴ. This thus shows that the rational eigensolutions of the GEVP defined by two generic classical Heun operators can be explicitly constructed.
Concluding remarks
By considering a raising property on rational functions with poles residing on the grid points of the Askey-Wilson lattice, we have been led to second order q-difference operators W that we have called rational Heun operators. Their relation with the one-particle restriction of the Ruijsenaarsvan Diejen Hamiltonians denoted A (1) by Takemura was established. This supplements the Heun operator of Askey-Wilson (AW) type obtained in [4] by considering q-difference operators with a raising action on polynomials defined on the Askey-Wilson lattice. This last operator in [4] was shown here to result as a limit of A (1) . For the Heun operator of AW type, one had the benefit of the bispectral context provided by the Askey-Wilson polynomials. This allowed for an alternative derivation of the q-Heun operators of AW type through tridiagonalization and to cast this q-Heun operators within a significant cubic algebra. It would certainly be of relevance to identify algebraic structures that would encompass the rational Heun operators introduced here. Regarding special functions, we also stressed in our analysis, the occurrence of Wilson biorthogonal rational functions as solutions of generalized eigenvalue problems defined in terms of rational Heun operators.
The Heun operators attached to the big and little q-Jacobi polynomials that live on q-linear lattices have already been constructed in [3] using both the raising and tridiagonalization approaches. They coincide with Takemura's degenerations A (3) and A (4) of the one-particle Ruijsenaars-van Diejen Hamiltonian. Special cases of the Pastro polynomials, which are examples of biorthogonal polynomials of Laurent type, were seen to occur in this context again as solutions of associated GEVP. We are reserving to an upcoming publication the study of the rational Heun operators corresponding to functions whose poles are distributed on the q-linear lattice and the determination of the special functions that solve the corresponding GEVP. It would be enlightening to elucidate the limit relations on the one hand, between the W s of this paper and these rational Heun operators defined for poles on q-linear grids and on the other hand, between the Wilson rational functions and those that will occur in the q-linear case. We may suspect that a connection with the operator A (2) of Takemura will also emerge.
Finally, it would be of great interest to understand in the future how all the considerations developed in the present paper could extend in the exploration of Heun operators in many variables.
